Abstract This paper is devoted to study the long-time behavior of non-autonomous parabolic equation with nonlocal diffusion and hereditary effect, where time symbol is translation bound in L 2 loc (R; H −1 (Ω)) and L 2 loc (R; L 2 (Ω)), respectively. By the energy estimates and asymptotic priori estimates of solutions, we obtain the existence and regularity of uniform attractor for the family of processes corresponding to original systems, respectively.
Introduction
Consider the following non-autonomous parabolic equation with nonlocal diffusion and delay effect
(l(u)) u = f (u) + g(u t ) + h(t) in Ω × (τ, ∞)
,
where Ω ⊂ R N is a bounded domain, f ∈ C(R), a ∈ C(R, R + ) is locally Lipschitz, and there exist positive constants m, M such that 0 < m ≤ a(s) ≤ M, ∀s ∈ R.
(1.2)
In addition, g is an operator satisfying some assumption which will be given below, the time-dependent force term h belongs to L In recent decades, the evolutionary equations with nonlocal diffusion and delay effect have been intensively studied because of their wide applications in Physics, Biology, Chemistry and many other fields. For example, in the semiconductor equations, the presence of the nonlocal term a = a(l(u)) can be used to describe the rate of diffusion of thermodynamics which depends on the nonlocal number (see,e.g., [1, 2] ). In Biological equation, as an example of a spatial nonlocal feature, the velocity of migration − → v = a∇u depends on the global population in a certain subdomain (see [3] ). In addition, evolution equations with delay also have lots of applications. For example, time delay in the infectious disease model is represented as the incubation period of the disease in the crowd (see [4] ). There are many mathematic research about the nonlocal and delay problem, see,e.g., [5] [6] [7] [8] [9] [10] [11] .
In this paper, we study the dynamics of the non-autonomous evolution equation (1.1) with nonlocal diffusion and delay. When a(s) = 1 or g(s) = 0 for all s belonging to R, the pullback attractor of (1.1) was established in [10] and [7] , respectively. Here, we establish the existence of uniform attractor for (1.1). When the uniform attractor exists, it includes the union of pullback attractor. The standard method in obtaining uniform attractor is of constructing skew-product flow. This method involves parameter spaces and requires that symbol is translation compact (see [12] ). When the time symbol is only translation bounded, by the methods in [13, 14] , we establish the existence of uniform attractor for (
. We make some assumptions on nonlinearity f . Suppose that there exist positive constant α 1 , α 2 , c 1 , , and p > 2 such that
From (1.3), we deduce that there exists c 2 > 0 such that
From(1.3) we get that there exist positive constants a 1 , a 2 and c 1 such that
For the operator g, we assume that g:
where L g < mλ 1 , λ 1 is the first eigenvalue of −∆ in H 1 0 (Ω). As usual, we denote by (·, ·) and | · | the scalar product and norm in L 2 (Ω) , respectively; the norm in L p (Ω) is written as · L p (Ω) ; and we denote the inner product in
, is also denoted by (·, ·), and the duality between H 1 0 (Ω) and its dual H −1 (Ω) is written as ·, · , and we denote by · * the norm in
The paper is organized as follows: In the next section, we establish the well-posedness of (1.1) and recall some fundamental results on existence of uniform attractor; in Section 3, we show the existence of uniform attractor for (1.1) in C L 2 ; in Section 4, we show the existence of uniform attractor for (
Preliminaries
The aim of this section is to give the existence of solution for (1.1) and recall some results on the theory of uniform attractors. Definition 2.1. A weak solution to (1.1) with initial datum ϕ ∈ C L 2 and
Remark 2.1. Observe that if u is a weak solution to (1.1),then it satisfies the energy equality
for all τ ≤ s ≤ t.
Next result gives the well-posedness of the system (1.1), the idea of the proof is close to that in [7, 10] . Theorem 2.1. Assume that the function a is locally lipschitz and satisfies (1.2) 
, and ϕ ∈ C L 2 is given. Then there exists a unique weak solution u(·) = u(·; τ, ϕ) to (1.1) .
Consider the following abstract non-autonomous evolution equation
where A σ(s) : E 1 → E 0 , s ∈ R, is the evolutionary operator, E 0 and E 1 are Banach spaces, the σ(s), s ∈ R, is a time-dependent function parameter which is called time symbol. The function value of σ(s) belongs to some metric space (or Banach space) Ξ, i.e., for ∀s ∈ R , σ(s) ∈ Ξ. We impose the initial value to (2.3):
here E is a Banach space and satisfies E 1 ⊆ E ⊆ E 0 . Assume that for every σ(s) ∈ Σ, where Σ ⊂ Ξ is a parameter set, and for u τ ∈ E, there exists a unique solution for (2.3)-(2.4) . As a result, the solution of (2.3)-(2.4) can be described as a two-parameter family of operators:
Definition 2.2. The two-parameter family of mappings {U σ (t, τ ), t ≥ τ, τ ∈ R}, σ ∈ Σ, acting in the Banach space E is said to be a family of processes with time symbol σ ∈ Σ if for each σ ∈ Σ,
and satisfies the following multiplicative properties:
Note that the following translation identity is valid for the family of process U σ (t, τ ), σ ∈ Σ, generated by a problem, which is uniquely solvable, and for the translation semigroup {T (h) : h ≥ 0} :
A set P belonging to E is said to be unif ormly (w.r.t. σ ∈ Σ) attracting set for the family of processes U σ (t, τ ), σ ∈ Σ, if for an arbitrary fixed τ ∈ R and any B ∈ B(E),
where dist E (X, Y ) denotes the Hausdorff semi-distance for X and Y in E. Definition 2.4. A closed set A Σ ⊂ E is said to be the uniform attractor of a family of processes {U σ (t, τ )} if it is uniformly (w.r.t. σ ∈ Σ) attracting (attracting property ) and it is contained in any closed uniformly (w.r.t. σ ∈ Σ) attracting set A of family of processes {U σ (t, τ )}, σ ∈ Σ : A Σ ⊆ A (minimal property ).
The unif ormly (w.r.t. σ ∈ Σ) ω-limit set ω τ,Σ (B) of B is defined by ω τ,Σ (B) = t≥τ B t , where 
and let T (t) be a continuous invariant (T (t)Σ = Σ) semigroup on Σ satisfying the translation identity. A family of processes
{U σ (t, τ )}, σ ∈ Σ, possesses a compact uniform (w.r.t.σ ∈ Σ) attractor A Σ satisfying A Σ = ω 0,Σ (B 0 ) = ω τ,Σ (B 0 ), ∀τ ∈ R, if(t, τ )}, σ ∈ Σ, with {T (h)} h≥0 is (E × Σ,
E) weakly continuous and satisfies (i)-(ii), then A Σ satisfies
We also need the following results. Theorem 2.3. [14] Assume that p ≥ q ≥ 1 and
, and satisfying the following conditions: 
Then the weak solution of (1.1) continuously depends on the initial data.
Proof. Let u = u(u·; τ, ϕ 1 ) and v = (v·; τ, ϕ 2 ) be two solutions of (1.1) with respect to initial conditions (u τ , h 1 ) and (v τ , h 2 ), respectively. Denote by w = u − v with w(τ ) = u(τ ) − v(τ ), then from energy equality (2.2) we have 
where L a (R) is the lipschitz constant of the function a in [−R, R]. Thanks to the Young inequality, we get that
Thus, we deduce that
In particular, we get that
By Gronwall's inequality from (3.5) we get that
which implies that result. We know from Theorem 2.1 that the solution of (1.1) can be represented by U h (t, τ )ϕ with initial datum ϕ belonging to
where u(·) = u(·; τ, ϕ) is the weak solution to (1.1), and by lemma 3.1, the process
.
From proposition V.4.2 in [12], we can obtain that
(3.7)
Lemma 3.2. Under the assumptions of Lemma 3.1, the family of processes
Proof. From (1.1), we get that
(l(u(t))) u(t), u(t)) = (f (u(t)), u(t)) + (g(u t ), u(t)) + h(t), u(t) . (3.8)
Using (1.2)-(1.4),(II) and the Young inequality, we obtain that
where 0 < µ < m − Lg λ1 . Dropping the third term on the left-hand side of (3.9), and using the Poincaré inequality and Gronwall's inequality, we can obtain that
(3.10)
From the above inequality ,we get that
Using the Gronwall's inequality again, we get that, for any bounded set B ⊂ C L 2 , there exists
(3.12)
, where T 0 > 0 is the uniform absorbing time of B 0 , namely,
is also the bounded uniform absorbing set.
Lemma 3.3. Under the assumptions of lemma 3.1, the family of processes
, where ϕ n = u n τn . In order to prove the family of processes {U hn (t n , τ )}, h n ∈ Σ, is uniformly (w.r.t. h n ∈ Σ) w-limit compact in C L 2 , we need to verify that for any sequence {u
Since {u n τn } ⊂ B 1 and by lemma 3.2, we know that there n 1 ≥ 1, for any fixed T > k, n ≥ n 1 , it holds
Then by lemma 3.2 and (3.9), we have |y
As a consequence,
, where
Then by applying the Aubin-Lions lemma (see, e.g.,Theorem 8.
(3.14)
Similar to the proof of Theorem 8.4 in [15] , we can get that f (y) = X . Since {y n } n≥n1 is bounded in
, we deduce that for any sequence s n ⊂ [0, T ] with s n → s * , one has
On the other hand, from (I),(II), and (3.13) we have 16) where
and therefore,
Hence, from above convergence we may deduce that y is the unique weak solution of the equation
and satisfies u(0) = y(0). Using the energy equality, (3.16), (3.18 ) and the Young inequality, we can get the estimate
where z equals to y n or y. Now we define the functions
(3.20)
It follows that these maps J n and J are continuous and non-increasing from[τ, T ] → R. Furthermore, we can obtain from (3.14) that
If we prove that for any δ > 0 
By(3.25) we get that there exists n(ε) ≥ 1, for m ≥ n(ε), there holds
Then, since all J n are non-increasing, we deduce that for all m > m(ε) = max{k(ε), n(ε)},
Since ε > 0 is arbitrary, we conclude that
From this inequality and (3.14)and (3.15), we have that y n (t n ) → y(t * ) strongly in C L 2 , which is contradict with (3, 23 
where B 0 is the bound uniformly (w.r.t. h ∈ Σ) absorbing set in C L 2 and K σ (s) is the section at t = s of kernel K σ .
Existence of Uniform Attractor in C L
Denote by
, the closure of the set {T (ν)h 0 (t), ν ∈ R} in the topology of L 
The proof is completed. 
